The glymphatic pathway is a system which facilitates continuous cerebrospinal fluid (CSF) and interstitial fluid (ISF) exchange and plays a key role in removing waste products from the rodent brain. Dysfunction of the glymphatic pathway may be implicated in the pathophysiology of Alzheimer's disease. Intriguingly, the glymphatic system is most active during deep wave sleep general anesthesia. By using paramagnetic tracers administered into CSF of rodents, we previously showed the utility of MRI in characterizing a macroscopic whole brain view of glymphatic transport but we have yet to define and visualize the specific flow patterns. Here we have applied an alternative mathematical analysis approach to a dynamic time series of MRI images acquired every 4 min over ∼3 h in anesthetized rats, following administration of a small molecular weight paramagnetic tracer into the CSF reservoir of the cisterna magna. We use Optimal Mass Transport (OMT) to model the glymphatic flow vector field, and then analyze the flow to find the network of CSF-ISF flow channels. We use 3D visualization computational tools to visualize the OMT defined network of CSF-ISF flow channels in relation to anatomical and vascular key landmarks from the live rodent brain. The resulting OMT model of the glymphatic transport network agrees largely with the current understanding of the glymphatic transport patterns defined by dynamic contrast-enhanced MRI revealing key CSF transport pathways along the ventral surface of the brain with a trajectory towards the pineal gland, cerebellum, hypothalamus and olfactory bulb. In addition, the OMT analysis also revealed some interesting previously unnoticed behaviors regarding CSF transport involving parenchymal streamlines moving from ventral reservoirs towards the surface of the brain, olfactory bulb and large central veins.
A B S T R A C T
The glymphatic pathway is a system which facilitates continuous cerebrospinal fluid (CSF) and interstitial fluid (ISF) exchange and plays a key role in removing waste products from the rodent brain. Dysfunction of the glymphatic pathway may be implicated in the pathophysiology of Alzheimer's disease. Intriguingly, the glymphatic system is most active during deep wave sleep general anesthesia. By using paramagnetic tracers administered into CSF of rodents, we previously showed the utility of MRI in characterizing a macroscopic whole brain view of glymphatic transport but we have yet to define and visualize the specific flow patterns. Here we have applied an alternative mathematical analysis approach to a dynamic time series of MRI images acquired every 4 min over ∼3 h in anesthetized rats, following administration of a small molecular weight paramagnetic tracer into the CSF reservoir of the cisterna magna. We use Optimal Mass Transport (OMT) to model the glymphatic flow vector field, and then analyze the flow to find the network of CSF-ISF flow channels. We use 3D visualization computational tools to visualize the OMT defined network of CSF-ISF flow channels in relation to anatomical and vascular key landmarks from the live rodent brain. The resulting OMT model of the glymphatic transport network agrees largely with the current understanding of the glymphatic transport patterns defined by dynamic contrast-enhanced MRI revealing key CSF transport pathways along the ventral surface of the brain with a trajectory towards the pineal gland, cerebellum, hypothalamus and olfactory bulb. In addition, the OMT analysis also revealed some interesting previously unnoticed behaviors regarding CSF transport involving parenchymal streamlines moving from ventral reservoirs towards the surface of the brain, olfactory bulb and large central veins.
Introduction
In this paper, we describe a mathematical model of the glymphatic transport system using the theory of optimal mass transport (OMT) (Mueller et al., 2013; Villani, 2008 Villani, , 2003 . Cerebrospinal fluid (CSF) is continuously produced in the choroid plexus of the ventricles and transported into and out of the brain in part via the glymphatic pathway (Nedergaard, 2013) , a process which also facilitates removal of toxic waste proteins (Nedergaard, 2013; Iliff et al., 2012 Iliff et al., , 2013b . Notably, soluble amyloid beta (Aβ) oligomers and tau protein have been shown to clear via the glymphatic pathway (Iliff et al., 2012; Lee et al., 2015) and it has been hypothesized therefore that dysfunction of glymphatic transport underlie buildup of extracellular Aβ aggregates and tau as seen in Alzheimer's disease. The anatomical structure of the glymphatic pathway is complex but a key component is the perivascular compartment. The outer perimeter of the perivascular space is defined by glial endfeet with high expression of aquaporin 4 water channels that enhances CSF transport into the interstitial fluid (ISF) space which result in exchange and clearance of waste solutes via conduits that include the peri-venous compartment (Fig. 1) . Glymphatic transport of fluid and solutes is convectively driven by vascular pulsations (Iliff et al., 2013b) and by a pressure gradient over the cerebral convexity (so-called 'transmantle' pressure gradient) which can be manipulated, even by minor physiological alterations such as shifting body posture (Lee et al., 2015) .
The discovery of the glymphatic pathway was based on fluorescently tagged optical dyes of different molecular weights (MW) administered into CSF in combination with in vivo two photon microscopy (Iliff et al., 2012; Kress et al., 2014; Xie et al., 2013) . This technique allowed for dynamic characterization of the fast peri-arterial influx of optical tracers in small cortical areas of live rodents (Iliff et al., 2012) . Importantly, intra-parenchymal injections of miniscule amounts of soluble radiolabeled Aβ showed that Aβ cleared along the peri-vascular space of large central veins. It was also discovered that astrocytes play a pivotal role in linking the peri-arterial inflow and the peri-venous efflux pathways (Iliff et al., 2012) .
In the present work, we derive and analyze flow patterns of the CSF based on an optical flow model derived from optimal mass transport. Preliminary results on this topic have been reported in our previous work (Ratner et al., 2015) . Our novel analysis techniques including the streamlines and pathways algorithms will be explicated in Section 5 below. The mathematical theory even allows a short extrapolation in time.
We now summarize the content of this paper. In Section 2, we describe some of the background on the glymphatic pathway, and the imaging methodology used to generate the data. Section 3 is devoted to the optical flow methodology based on the theory of optimal mass transport. It includes some details about the numerical techniques we employed in generating our flow data. Next in Section 4, we sketch our experimental procedures that we used in carrying out the specific Fig. 1 . Schematic of the glymphatic pathway in rodent brain. Peri-arterial inflow of cerebrospinal fluid (CSF) enters the brain tissue facilitated by astrocytic endfeet AQP4 water channels; mixes with interstitial fluid and removes the waste products into the peri-venous space. Fig. 2 . Glymphatic transport of Gd-DTPA in the live rat brain visualized based on a time series of T1-weighted MRI images. The time series show how contrast (represented as a color coded 3D map overlaid on an anatomical template) moves from the cisterna magna (black arrow) into adjacent CSF spaces and into brain parenchyma. The numbers represent the time in min from the start of the CSF contrast infusion. At 12 min contrast is moving into the cerebellum (Cb) and up towards the inferior (Ic) and superior colliculi (sc) and from there slowly penetrating into parenchyma. The corresponding time signal curve is shown below with the red arrows indicating the individual time points captured above. For further details regarding technique and image processing (Iliff et al., 2013a) . M=Medulla oblongata; P=Pons; Hip=Hippocampus; Tal=Thalamus; Hyp=Hypothalamus; Cau=Caudate. Color scale: 0 − 200% signal change from baseline. results described in Section 5. Finally, in Section 6, we discuss the conclusions that may be drawn from the present work as well as possible future research directions.
Glymphatic pathway captured by MRI
The limited field-of-view of two-photon optical in vivo imaging prohibits visualization of the dynamic 'macroscopic' glymphatic process at a systems level. Therefore, to translate the glymphatic pathway findings observed with optical imaging towards a dynamic test-bed allowing for analysis of the whole rodent brain, injection of paramagnetic contrast molecules into CSF of rat brain was combined with dynamic T1-weighted 3D brain MRI on a 9.4 T microMRI instrument (Iliff et al., 2013a) . We used gadolinium diethylenetriamine-pentaacetic acid (Gd-DTPA, MW 938 Da, 1:40 dilution in sterile water, 12.5 mM, isobaric with CSF) administered into the cisterna magna of rats (Iliff et al., 2013a) . A key assumption with this approach was that Gd-DTPA behaves as a surrogate waste 'solute' in CSF and further that its presence does not perturb normal brain physiology. A series of T1 weighted 3D MRIs of the rat brain visualized in real time revealed how the Gd-DTPA molecules moved into the rat brain, first along the large arteries at the base of the brain and then slowly (over 2-4 hrs) penetrated into the brain parenchyma where it redistributed and slowly cleared via peri-venous routes and along cranial nerves. Fluorescently tagged dyes injected into CSF using the same experimental set-up validated the glymphatic transport of Gd-DTPA (Iliff et al., 2013a) . Quantification of glymphatic transport of Gd-DTPA was accomplished using both parametric ROI analysis as well as nonparametric cluster analysis (Iliff et al., 2013a) . Another recent study extended this analysis to include 2-compartment modeling where 'retention' and clearance of a given tracer was calculated over a finite period of time from whole brain (Lee et al., 2015) . Fig. 2 illustrates how glymphatic transport of the CSF paramagnetic tracer, Gd-DTPA was previously quantified by contrast enhanced MRI. At early times after Gd-DTPA administration into CSF, contrast is most prevalent along large arteries at the base of the brain (Iliff et al., 2013a) . In the rodent brain, relative rapid glymphatic inflow occurs at the level of the pons, hypothalamus, olfactory bulb, and the cerebellum (Fig. 2) . For anatomical orientation, the color coded map of contrast distribution is displayed on a volume rendered surface mask of the whole rat brain and different brain regions including the cerebellum, hippocampus, superior colliculus, thalamus, hypothalamus, caudate, pons and medulla oblongata (Fig. 2) . Red and blue colors represent high and low contrast, respectively. The contrast uptake into brain parenchyma is evident as a slow penetrating gradient moving from the ventral surface of the brain, towards central and olfactory areas of the rat brain; and has been validated by optical imaging (Iliff et al., 2013a) .
For the quantification and visualization of the spatial-temporal characterization of contrast enhancement over time, we reported glymphatic transport of Gd-DTPA as '% signal change from baseline' calculated based on pre-and post-contrast image intensities, here referred to as the 'conventional approach'. This approach is lacking in providing information on the direction of the flow and it remains elusive as to whether parenchymal penetration is collectively a random distribution in space or if there are preferential directions in the flows. We therefore employed OMT to extract the transport fluxes. Clearly, a mathematical model of glymphatic transport based on the underlying physics of fluid flow will be valuable to spatially and dynamically understand how CSF transport of 'solutes' is influenced by various physiological states as well as during disease.
We will sketch the mathematics of OMT in the next sections, and use this to derive an analytic model of the macroscopic view of transport through the glymphatic system based on fluid flow physics and brain physiology, and then test our model based on a dynamic series of contrast-enhanced MRI images.
Optimal Mass Transport (OMT)

Assumptions about the data
As briefly mentioned above, the data is collected as a time series of T1-weighted MRI images taken during and after slow administration of Gd-DTPA into CSF (cisterna magna) of an anesthetized rat (Iliff et al., 2013a; Lee et al., 2015) . Before we get into the details of our model and the OMT framework behind it, we address three assumptions that we implemented in regards to the data. First (assumption 1), we assume that the tracer travels along the glymphatic pathway and second (assumption 2), we assume that the total mass of the tracer in the brain is preserved from frame to frame. Lastly, we currently assume (assumption 3) that the relation between tracer concentration and image brightness is linear.
We now briefly justify these assumptions. First, assumption 1 can be justified by evidence that the tracer is transported from CSF into the brain in a characteristic anatomical pattern consistent with a trajectory over time through the glymphatic pathway (Fig. 2 , Iliff et al., 2012) . The second assumption was made as a means to simplify the optical flow estimation. In regards to assumption 3, all the 3D T1 weighted images were acquired using a spoiled gradient echo sequence. In an ideal condition, detected MR signals (Tofts, 2005) are expected to follow the equation
( 1) where T1, longitudinal relaxation time, shortens during the contrast enhancement. Using Eq. (1), "% signal change from baseline" was simulated as a function of contrast concentration (Fig. 3) . The relaxivity of Gd-DTPA was assumed to be 3.1 mM Sousa et al., 2008) , TR=15 ms, flip angle (theta)=15°, and tissue T1=2000 ms (De Graaf et al., 2001 ).
As seen from Fig. 3 , a linear trend is discernible at a concentration below 0.15 mM. From our previous study, we know that the % signal change from baseline reached over time is in the order of 70 − 80% (Iliff et al., 2013b) , therefore the postulated assumption 3, pertaining to linearity between the brightness and the concentration is reasonable. In future work, we are planning a much more detailed description implementing the actual quantification of Gd-DTPA in the brain based on T1 mapping.
Optical mass transport
We use a version of optical flow based on the theory of optimal mass transport (OMT) (Mueller et al., 2013; Villani, 2008 Villani, , 2003 Haker et al., 2004) , the so-called Monge-Kantorovich problem. As described in such V. Ratner et al. NeuroImage 152 (2017) 530-537 standard references, Horn and Schunck (1981) and Lucas et al. (1981) , optical flow may be considered as the apparent motion of brightness patterns in a temporal sequence of intensity images. In our case, the images are given by T1-weighted MR data. As we will explicate below, the idea is to interpret intensity as mass, and thus apply the OMT technique. We will therefore outline Monge-Kantorovich theory (Villani, 2008 (Villani, , 2003 Angenent et al., 2003; Evans, 1997) , and then in the next section make the connection with optical flow. We should also note that an OMT formulation of optical flow was used in Mueller et al. (2013) for flame tracking. We let Ω 0 and Ω 1 denote two convex subdomains of d  , having smooth boundaries, each equipped with a positive density function, μ 0 and μ 1 , respectively. We assume that total mass is the same, and without loss of generality this may be taken to be 1, that is
This means that μ 0 and μ 1 are probability densities (pdfs). Let ψ Ω Ω : → 0 1 be a diffeomorphism which satisfies the following Jacobian equation:
Note that ψ ∇ denotes the determinant of the Jacobian. Considering the change of variables formula, the mapping ψ is mass preserving (MP); see Villani (2008) for details. Eq. (2) has many solutions and we denote the set of all such solutions (mass preserving mappings) as MP. A mapping in MP may be regarded as redistributing the mass of a given material (e.g. gas) with a certain pdf μ 0 to another pdf given by μ 1 .
Considering the displacement defined by ψ, we can define the following Wasserstein metric on pdfs:
This metric has many remarkable properties, and in fact, defines a Riemannian metric on the space of probability distributions (Otto, 2001; Villani, 2008) . For our purposes, we note that there is a unique optimal solution of (3), ψ MK , which is the gradient of a strictly convex function g MK (Villani, 2008 (Villani, , 2003 Evans, 1997) . We will discuss this further in the next section, when we describe the connection of OMT to optical flow.
There are a number of ways to compute ψ MK . We have followed an approach inspired by the pde based formulation given in Rachev and Rüschendorf (1998) and Angenent et al. (2003) , and explicitly numerically implemented in Haber et al. (2010) . This will be sketched in Section 3.4 below.
OMT based optical flow
In this section, we review the connection of optimal mass transport theory to the computation of optical flow. This is based on some elegant work of Benamou and Brenier (2000) . The idea is that the L 2 MongeKantorovich problem may also be given an optimal control formulation in the following manner. Consider the following optimization problem:
where the infimum is taken over all time varying densities μ and functions g satisfying
The functional (4) is the kinetic energy while u g = ∇ represents velocity. Eq. (5) is the continuity equation enforcing the mass preservation property of the flow. One may show that the infimum of (4) is attained for some μ min and g min . We set u g = ∇ min min . Further, the flow X X x t = ( , ) (written in Lagrangian coordinates) corresponding to the minimizing velocity field u min defined by X x
, where ψ MK is the optimal transport map described in the previous section. Note that when t=0, X is the identity map and when t=1, it is the solution ψ MK to the Monge-Kantorovich problem. The infimum of (4) under the constraints (5) and (6) is exactly the Wasserstein distance d μ μ
1 between μ 0 and μ 1 ; see Benamou and Brenier (2000) .
This analysis provides appropriate justification for using optimal mass transport as a method for computing optimal flow when the densities μ 0 and μ 1 are interpreted as image intensities.
Numerical implementation of optimal mass transport
We followed the method described by Haber et al. (2010) in numerically implementing the optimal flow procedure. To discretize the optical flow equation we used the leapfrog method, which is second order accurate in space-time. In this case, the densities μ t x ( , ) correspond to the image intensities I t x ( , ). For simplicity, we carry this out in the plane. Note that x x x = ( , ) 1 2 . Consider three images out of the sequence. We note I ij k as the pixel at location (i,j) at time frame k.
We also denote the components of u g = ∇ as u 1 and u 2 . Then, the leapfrog method reads
where ρ δt δx = / . This can be written in matrix form as
where b is the left hand side of (7) is the discrete I ∇· (·) operator. To discretize the integral, we use the trapezoidal method. Using the discretized quantities, we obtain a discrete analog of the optimization problem. This leads to a simple quadratic problem that can be solved using standard sequential quadratic programming methods. See Haber et al. (2010) for the details.
Experimental animal and MRI procedures
Anesthesia and surgical procedures
All animal procedures were approved by the Institutional Animal Care and Use Committee. Six Fisher 344 female rats were used for all studies. The rats were initially anesthetized with 3% isoflurane delivered in O 2 and allowed to breathe spontaneously and anesthesia was maintained with 1.7 − 2.5% isoflurane. When a surgical plane of anesthesia was achieved the rats were positioned prone in a stereotaxic frame and a CSF catheter was implanted into the cisterna magna as previously described (Lee et al., 2015) . Following the implantation of the CSF catheter, the rats were prepared for MRI imaging.
MRI procedures
All MRI acquisitions were performed on a 9.4 T/30 magnetic resonance imaging instrument interfaced to a Bruker Avance console controlled by Paravision 6.0 software (Bruker Bio Spin, Billerica, MA, USA). Rats were scanned in a supine position using a custom-built animal cradle system. Physiological parameters, including respiratory rate, oxygen saturation, body temperature, and heart rate were continuously monitored using MRI compatible monitoring system (SA Instruments, Stony Brook, NY, USA) and kept body temperature within a range of 36.5°C-37.5°C using a heated waterbed. Anesthesia during MRI imaging was switched from isoflurane to dexmedetomidine. Specifically, 0.015 mg/kg of dexmedetomidine was administered i.p. x 2 followed by a continuous infusion of (0.015 − 0.020 mg/kg/hr) delivered via a subcutaneous catheter placed in the flank area. The isoflurane concentration was gradually reduced and maintained at 0.8 − 1.0% delivered in a 1:1 mixture of air:O 2 via a nose cone. A 2-cm planar surface radio-frequency coil (Bruker) with a built-in pre-amplifier was used as a receiver and an 86 mm diameter volume coil (Bruker) was used as a transmitter. Following scout images, spoiled gradient echo FLASH 3D images were acquired (TR=15 ms, TE=4.1 ms, NEX=1) every 4 min. Images were interpolated from 256 × 128 × 128 to 256 × 256 × 256 yielding a spatial resolution of 0.12 mm × 0.12 mm × 0.13 mm. The first three images were taken as a baseline and Gd-DTPA contrast infusion was started at the beginning of the fourth image. A 1:40 (Gd-DTPA:H 2 0) dilution was infused at a rate of 1.6 μl/min for a total volume of 20 μl. FLASH 3D images were acquired continuously for at least 160 min, totaling more than 40 frames in each study. A 2D time of flight MR angiography (MRA) sequences (TR=12 ms TE=2.7 ms NEX=4) was also taken at the end of the study with a spatial image resolution of 0.12 mm × 0.12 mm × 0.20 mm (256 × 256 × 105). Translation and orientation of the 2D MRA were adjusted so that both MRA and FLASH3D images are spatially co-registered.
MR post-processing before OMT analysis
MRI image processing steps have been described in detail previously (Lee et al., 2015) . Briefly, all images were exported in DICOM and converted into nifti file format to correct for head motion, intensity normalization across the time series, and spatial smoothing. As shown in Fig. 4A , B, changes in image contrast over time is interpreted as influx and efflux of the Gd-DTPA contrast agent. After spatial smoothing, % signal changes from the baseline, termed 'conventional analysis' was also calculated in each voxel as described previously (Iliff et al., 2012) . MRA was also reformatted to match the spatial resolution of the FLASH3D for visualizing influx and efflux.
Experimental results
Flow pattern OMT analysis
The flow derived from the equations in Section 3 is a vector field ϕ over a 4D domain x y z t ( , , , ). Such an entity is very difficult to present visually, let alone analyze. It would therefore be beneficial to present meaningful patterns in the flow that do not require the visualization of such large data. Our hypothesis is that the CSF initially flows through main channels, or "inflow pathways', then disperses through the brain parenchyma, and then collects in specific "outflow pathways" before ultimately leaving the brain. It is important to note that this hypothesis affects neither the flow calculation, nor its analysis. As we expected, the flows from our analysis demonstrated this same behavior. It is our goal in this report to identify mainly the inflow pathways in a live rodent brain.
Let us define a streamline as a trajectory of a single particle carried by the CSF along the flow field computed in the previous section. Specifically, a set of points P ⊂ 3  is sampled from the brain region with uniform distribution. Then, for each point p P ∈ i , an ordinary differential equation is solved to compute the streamline curve C i as:
Once the streamlines are computed, we then define a pathway as a region where the number of confluent streamlines exceeds a predefined threshold. Fig. 5 is an example of the presentation of inflow pathways characterized by high streamline density; in which the direction of the physical flow of 'mass' and CSF is visualized moving from the red 'origins' of the streamlines towards their blue 'ends'.
Let us then observe many such streamlines, sampled uniformly throughout the brain at a given time step. As seen from Figs. 4C, D, the streamlines originate from a network of inflow pathways, and are dispersed inhomogeneously throughout the brain. Areas of origin of the flow are therefore characterized by high density of streamlines, compared to the rest of the brain. It is also important to address the issue of stability of streamline computation. Since a streamline is a trajectory of a (weightless) particle carried by the CSF, its computation is straightforward: Given a vector field and a starting point, we backtrack towards its point of origin: the next point is derived by following the direction opposite to that defined by the vector field at the starting point, for a given distance (usually short). The process is then repeated for a predefined number of points. This process, as we may notice, is only stable (i.e. small changes in the starting point do not cause large changes in the trajectory) when the flow vector field diverges (i.e. the inverse vector field converges), or originates at a single source. As we can see in Figs. 4 and 5, this is indeed the case, which validates our hypothesis on the nature of the flow.
Anatomical glymphatic influx transport by OMT pathways
We characterized the pattern of pathways defined by OMT in 6 different rat brains. Fig. 5 shows the result of this analysis in 3 rats and demonstrates that the influx trajectories are very consistent from rat to rat (this was true for all of the rats analyzed). Specifically, at early times (first 20 − 40 min after contrast infusion) we observe the high density of 'mass' or reservoirs along the ventral surface of the brain from where smaller connected trajectories originate. The streamlines appear in a pattern where the end of the streamline points towards the surface of the brain. At later time points, the larger reservoirs are translocated toward the pineal recess and along the olfactory sinus (Figs. 5 and 6 ). These CSF reservoirs as displayed by OMT pathways are consistent with previous reports on anatomical localization of contrast after CSF injection in the rat brain (Lee et al., 2015; Iliff et al., 2013a) . Fig. 6 illustrates this in 2D and shows the color coded pathways overlaid on a T1-weighted anatomical rat brain template. The pathways largely confirms previous described contrast flow (Lee et al., 2015; Iliff et al., 2013a; Jiang et al., 2016) but adds additional information. The OMT provides new information by showing that reservoirs of CSF tagged with contrast moves in specific trajectories within the brain tissue. It appears that trajectories from the larger pathway reservoirs feed smaller streams that collects in brain tissue in specific patternstowards the olfactory bulb and surface of the brain. The contrast has penetrated into the brain parenchyma in a characteristic pattern. The contrast is represented by a color coded volume rendered map (scale: 0 − 200% signal change from baseline) overlaid on an anatomical volume rendered mask of whole brain and subcortical brain regions. (C) The corresponding OMT defined pathways at the same time point. Specifically, the 'pathways' are presented as a color coded map where the red color represents at least 6 crossing streamlines/voxel and blue color 2 − 3 streamlines per voxel. The direction of the physical flow of CSF is from red to blue (for more details see Section 5.1). The high streamline density in red is found at the ventral surface of the brain and represents large reservoirs from which several streamlines originate. (D) Shows the same as (C) but overlaid on an anatomical mask of several brain regions including the cerebellum, olfactory bulb, thalamus, caudate, and pons (for anatomical annotations see Fig. 2 ). Also note that the streamlines (representing smaller reservoirs) originating from the large reservoir are penetrating the brain tissue and appear to be on a trajectory towards the olfactory bulb and surface of the brain. Scale bar=3 mm. Fig. 7 shows the pathways in relation to large cerebral vessels. The MRA of the rat brain is shown in three orthogonal planes overlaid on the corresponding anatomical T1-weigthed MRI template. Several large arteries can be identified including the azygos of the anterior cerebral artery (azACA), olfactory artery (OA), middle cerebral artery (MCA), and basal artery (BA). The large veins and sinuses are also evident such as the superior sagittal sinus (SSS), transverse sinus (TS), supraorbital vein (Sov), and cavernous sinus (Cav S). It is clear from Fig. 7 that the large pathways representing high density streamlines follow the trajectory of the large arteries on the ventral surface of the brain; and further, that additional large pathway reservoirs from the pineal recess extend towards large veins including the Galeno vein and the inferior sagittal sinus (cf. Fig. 7B ).
Influx pathways in relation to large vasculature
Conclusions and further research
MRI is an in vivo imaging modality that captures the whole brain spatial-temporal characteristics of the solute transport, which may not be attainable in imaging techniques that record the state of the transport at only a single time point ex vivo. Underlying the transport mechanism is an inherent time dependence where influx, clearance, and distribution of solutes are all occurring simultaneously. Therefore, time and spatially resolved data provide superior understanding of where and how much solute collectively travels over time. In this paper, data were analyzed using the optimal mass transport algorithm to visualize the direction of the flow. The method successfully captured known bulk flow patterns as well as parenchymal flow fields showing coherent directionality that had not been reported previously, and may ultimately indicate the direction of clearance routes.
More specifically, we applied an optical flow model based on OMT (Monge-Kantorovich problem) to a dynamic series of contrast-enhanced MRI data from live rodent brains and mathematically derived glymphatic (tracer) flow trajectories. The computational algorithms we developed enabled visualization of the glymphatic flow patterns in the live rodent brain in relation to anatomical and vascular key landmarks and was extended to test the stability of this transport process pattern in a group of rats. Specifically, we used the OMT approach to model the glymphatic flow vector field, and then analyzed the flow to define the network of CSF flow channels or rather 'pathways' which appear during the time period where contrast influx from the main CSF reservoir (cisterna Magana) into the brain tissue is overriding (Fig. 2) . For validation purposes it is important to point out that the OMT analysis provides similar information as the conventional analysis in regards to influx patterns but also adds new, supplementary information on 'mass' (contrast) transfer. Accordingly, at early time points, the OMT pathways show strong mass transfer along the base of the brain in areas Fig. 5 . OMT reveals unique brain parenchymal contrast transport conduits. Pathway patterns defined by OMT analysis are shown in three different rats at two time points: 40 min and 60 min after start of Gd-DTPA infusion into CSF. The pathways are represented as color coded volume rendered maps overlaid on a whole brain mask from which the OMT analysis was executed. As can be observed, the pathway trajectories are very consistent from rat to rat. The direction of CSF flow is originating in the 'red' reservoirs and towards the 'blue' end. associated with the large arteries including the basal artery, circle of Willis and olfactory artery similar to the conventional analysis (Lee et al., 2015; Iliff et al., 2013a; Jiang et al., 2016) . However, parenchymal 'streams' of mass transfer from the base of the brain towards the surface of the brain and towards the olfactory bulb is evident only on the OMT processed brains and not on the conventional analysis. The OMT analysis is further informative by showing strong stream lines in brain areas associated with large veins (Fig. 7) which has also been reported in optical imaging studies (Iliff et al., 2012; Kress et al., 2014) . This is very promising given that mass/solute clearance from the brain is in part occurring along peri-venous spaces (Nedergaard, 2013) . Although the OMT analysis is slightly different between the individual rats they all show the same trend i.e. at early times (first 20 − 40 min) there is strong mass transfer along large arteries at the base of the brain and in the cleft between the cerebellum and forebrain where large arteries are also present.
It is tempting to speculate how the OMT analysis and findings reported here may inform future pre-clinical and clinical research findings pertaining to neurodegeneration including classical small vessel disease (SVD), AD and cerebral amyloid angiopathy (CAA). For example, abnormalities pertaining to the peri-vascular space has been viewed as a common pathophysiological pathway in many neurodegenerative diseases regardless of it being primarily vascular (e.g. SVD (Wardlaw et al., 2013; Zhu et al., 2010) and CAA) and/or AD. The OMT analysis approach would permit an investigation into parenchymal CSF influx and clearance in distinct different pathologies. Hypothetically, vascular amyloid deposition (CAA) and SVD might primarily impair influx whereas parenchymal Aβ aggregates (hallmark of AD) would impair parenchymal transport.
The results pertaining to peri-vascular location of pathways presented here are supported by several reports in the literature including elegant and recent work by Bedussi et al. (2016) . In this paper, the distribution pattern of a high molecular weight fluorescent tracer distribution from the cisterna magna and into CSF and the perivascular compartment was characterized using a combination of imaging tools including confocal microscopy, light and electron microscopy . For this particular tracer the transport pathways were described to spread from the CM into the subarachnoid space on the ventral side of the brain in particular and along the 'deep clefts between the major brain structures that connect the cerebral cisterns' similar to OMT data described here. Bedussi et al. (2016) did not observe parenchymal spread of the tracer due the high MW of the tracer used (500 kDa). Importantly, we here confirm with OMT that the tracer distributes around arteries as well as veins. In this context it is important to stress that the data and results presented here address mass transport in relation to large-caliber vasculature. The spatial resolution of the MRI data does not allow analysis at the microscopic scale, and therefore does not directly address mass transport associated with the microcirculation. This is important given the controversy regarding the direction of clearance routes in studies where solutes including amyloid beta are administered directly into the parenchyma and in some studies, show clearance along the capillaries and arterioles (Carare et al., 2008; reviewed by Bakker et al., 2016) and in others, along central veins (Iliff et al., 2012) .
The parenchymal pathways and streamlines that are evident only by the OMT analysis provide new information pertaining to glymphatic transport. In previous work where contrast agents have been administered into the CSF (cisterna magna), parenchymal contrast uptake has been appreciated as a slow moving 'barrier' moving from the ventral surface and from the pineal recess into the tissue (Iliff et al., 2013a) . Although, well-defined smaller conduits have been noted in certain locations such as along smaller arterial branches that penetrate into the brain; the pattern of well-defined streamlines penetrating the entire brain from larger reservoirs from the base of the brain towards the surface and larger venous structures have never before been appreciated using MRI based approaches. It is necessary to further validate the pathways as defined by OMT analysis to ascertain that they are truly a biological phenomenon related to the glymphatic transport process and not merely projections derived from the applied processing algorithms. Assuming that streamlines and larger pathway reservoirs are indeed 'real' biological entities, it is particularly intriguing that the streamlines may not be homogeneously distributed, suggesting that specific areas may be more accessible for transport of the paramagnetic tracer. Such areas may be more accessible for solute transport due to superior convective flow streams (secondary to transmantle pressure gradients) and/or location of certain outflow pathways such as the large central veins. It is also important to note that the rats in this study were anesthetized and this is increases glymphatic transport efficiency when compared to wakefulness (Xie et al., 2013) and it is possible that parenchymal CSF streamlines as observed by the OMT analysis would be obliterated in awake animals. Clearly, more studies will be needed to further understand the underlying physiology governing the streamlines/pathways. Interestingly, Orešković and Klarica (2010) suggested a new look at CSF transport and proposed that the classical "circulation" term of CSF should be replaced by "movement" given data demonstrating multi-directional parenchymal transport of CSF.
Nevertheless, despite its simplicity, the proposed OMT model mimics the real data closely, with some errors arising from the difficulty of the inverse problem. There are a number of new directions that we plan to explore in future research. A key element would be to consider weakening the constraint of mass preservation. One direction would be to apply the approach of Benamou (2003) . The idea is to combine L 2 optimization with OMT in case of unbalanced mass distributions. Briefly, given two unbalanced densities μ 0 and μ 1 , one seeks a distribution μ ∼ 1 , the closest density to μ 1 in the L 2 sense, which minimizes the Wasserstein distance d μ μ ( , ) ∼ 2 0
1 . Other possibilities include changing the continuity equation (5) by adding a diffusion term; see (Chen et al., 2016) and the references therein.
